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Example control objectives:

« Motion (position/velocity) control
« force control

* hybrid motion-force control
 impedance control
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Control system block diagram:

dynamics of
arm and
environment

high
low power forces
desired power controls and
behavior controls , actuators torques
—| controller p——> amplifiers and —>®—>
~— transmissions
local T
feedback
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1 motions
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Simplified block diagram:

forces
desired and
behavior torques dynamics of
—| controller R —— arm and
environment
A
motions
and
forces

Also assuming continuous-time (not discrete-time) control.



For motion control,

reference: 6,1 b
actual: 6(¢) )
error: 0,(t) =60 ,t) — 6(¢) ‘ overshoot = |a/b| x 100%

Unit step error response:
0,(¢) starting from 6,(0) =1

esle

I
. . t
Steady-state error response: e a W 2% settling time
overshoot

Transient error response.:
overshoot, settling time
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System dynamics, feedback controllers, and error response are often
modeled by linear ordinary differential equations.

The simplest linear ODE exhibiting overshoot is second order, e.g.,

. . k 96
m, + b, + kb, = f _ e,
J— i —
or, if /=0, ; L m —f
b k z |
ée"‘_ée"'__gezo ” _b
m m

k and b depend on the control law
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A more general pth-order linear ODE:

apﬁgp) - ap_10((3p_1) + .o+ a9b, + a10. + agh. = ¢ nonhomogenous

(apﬁgp) + ap_19ép_1) 4+ -+ agf, + a0, +agh. =0 homogeneous )
0P +al,_ 0P~V + .. + ahb. + a}be + apfe =0

olP) = —a;,_19ép—1) — ... —abf, — a8, — alb.

g _/
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Defining a state vector x = (x, x,, ..., x,,), you can write the p'"-order ODE as p
first-order ODEs (a vector ODE).

[ 0 1 0 0 0
0 0 1 0 0
—1
mp=dpa =070 L | e
0 0 0 1 0
0 0 0 0 1
oh —dp —ay o —ah, —d)
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i(t) = Az(t) - x(t) = e”t2(0)

If Re(s) < 0 for all eigenvalues s of 4, then the error dynamics are stable (the
error decays to zero).

The eigenvalues are the roots of the characteristic equation
det(s] — A) =sP +a,_;sP" ' +--- +aps® +ajs+ap =0
Necessary conditions for stability: each a; > 0.

These necessary conditions are also sufficient for first- and second-order
systems.
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First-order error dynamics

k Oc
A >
o
o I
A _Ib standard first-order form
o .. : time constant
We + bl + kb =0 t= bk

b

6o(t) + T 0.(8) = 0

0 (t) + %ee(t) =0
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First-order error dynamics

1
t decreasing _
96 83(0) =1
O_ ______ =
ee(t) _ _ —t/t
time 0.(0) 0.02=e€
0.(t) = e~ /%6,(0) n0.02 = —t/t — t=23.91t
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Second-order error dynamics

Oc

NCRER NN WO

natural frequency damping ratio

) b I wn = vk/m (. =0b/(2Vkm)
b0 (t) + —0.(t) + —0.(t) =0 . .
m m Oc(t) 4 2Cwn e (t) + w20.(t) = 0

standard second-order form
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Second-order error dynamics

O (t) 4 2Cwnba(t) + w20.(t) =0
§% + 20wps + w2 =0

51,2 = _Cwn j:wn\/ CQ — 1

¢ > 1: Overdamped
( = 1: Critically damped
( < 1: Underdamped
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C > 1: Overdamped S1 = —Cwn -+ wn\/@j
He(t) — Cleslt =P 62682t S2 = —(wnp — wn\/@j

) .
Im(s) O | solve for ¢, and ¢, using
b 0.(0) = 1,6,(0) = 0
S92 S1
N -
o x Re(s) _
—1/t2 —1/t1 0 t’
“slow”
root
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( = 1: Critically damped

0. (t) = (c1 + cat)e™“n?

Im(s) !

\

y

Re(s)

$1,2 — —Wn
916_“
2% settling: ~ 4/w,
0 t
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( < 1: Underdamped damped natural frequency

= Cat Wd — Wn vy 1 — <2

0.(t) = (c1 coswyt + cosinwgt) e .
81,2 = —Cwy £ Jwy

Im(s)t O

A

W o 2% settling: ~4/Cw,
overshoot e~ TV« 100%
Re(s)

RN r
X
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Im(s)
U <

Sy

second-order systems /

K . Im(s)} \
Increasing

overshoot, ]

oscillation
Re(s)
faster unstable
settling
time

time response relative

to root locations for
K general systems /
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For a single joint with the joint velocity as the control:
 Open-loop (feedforward) control: . .
0(t) = 0a(t)

. Closed-loop (feedback) control: 6(t) = f(6,4(1),0(t))

 FF + Proportional-Integral (Pl) FB control:

this control law?

t . .
0=+ op 01 [0t o, z0 (SR
0

* reduces to FF control ifK,,, K; = 0
* ifno FF term: P control when K; = 0, | control when K, = 0
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Block diagram

O
Os + S O robot
o [ dt
0
— [ dt

O(t) = 04(t) + Kp0.(t) + K; / t 0. (t) dt
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Setpoint control, 8,(t) = c, with a P controller

0

e
e

(t) =

. 0.
O.(t) = Bat?) — 6(2)

—Kp

Oc(t) — 0e(t) + Kpbe(t) =0
t=1/K; 1.0

0.(t) = e~ /%0,(0)

: K, increasing
[

time
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Constant velocity control, 8,(t) = ct + a

P control

Pl control

O(t) = K,p0.(t) + K; /t 0. (t) dt
0

94@+K¢uﬂ+5;/%4@ﬁ:w
0

oKt
) Oc(t) + Kpbe(t) + Kibe(t) =0
C — Kp/(Q\/E)
Wnp = \/K
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characteristic equation of Pl error dynamics:

82+Kﬁ+JQ:O

[ What if K, = 0? ]

2
S19 = ___fﬁgil P _K.
’ _ 7
2 4
Im(s)
1
11
X . 0. I
< 2 <7
I 11 1 | Re(s) 11
111 ol AL
root locus 0 \V
as K; increases
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1.0

0.5

| PI control

P control

0 0.

5}

time (s)
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1.0

0.2

0. O

0.2

P control

PI control

0.5 1.0
time (s)
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Multi-joint control: 6, 6, and 6, are vectors and K, =k,I, K, = k;1

O
Os + S O robot
o [ dt
0
— [ dt

A(t) = 04(t) + Kp0.(t) + K; / t 0. (t) dt
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T = Mé—l—mgrcos@ + b6
T = M6 + h(0,0)
Proportional-Integral-Derivative (PID) control

= K,0, + K; / 0. (t)dt + K40,
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arm
dynamics

Modern Robotics, Lynch and Park, Cambridge University Press

26



Setpoint PD control, g =0

T = Ky +‘K\/ (t)dt + Kqbe

T—M9+m\§\r(3089+b0 . b+ K. K
ee+ dee_l_—p@e:

s = Gz =0 M M
" : , _ b+ Ky B ﬁ
MO+ b0 = K, 0. + K0, 5=5 o m TN

For what gains
are the error
dynamics stable?
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Setpoint PD control, g # 0

r = K,0, JS'K\Z / 0. (t)dt + K46,
T = M6 + mgr cos 6 + bo

04 =04 =0

M6, + (b + K4)0, + K, 0. = mgr cosf }

Nonhomogeneous.
What is the steady-
state error?

28
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11l
0 PD control
0
0 5

time (s)

10

control terms

steady-state
error

Y

10/

gl
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Setpoint PID control, g # 0

T = K0, —I—K/ dt—I—KdH

7'=M9—|—b9

o= 03=0 T gist

M0, + (b+ Kg)b. + K 0. + K; / Oc(t)dt = Taist

MO® + (b+ Kg)f. + Ky, + K;0, =0

Pq it Ran B K,
M M M
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root locus for
K,, K, constant
and K; increasing
from zero

N\
€ 7N\

Ky > —b
K, > 0
(b -+ Kd)Kp
K;
i > 0

K, improves steady-state
response but can worsen
the transient response.
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control terms

PD control

\3 term
\ﬁ term

P term

PID control

I term

Modern Robotics, Lynch and Park, Cambridge University Press

32



