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Example control objectives:

• Motion (position/velocity) control
• force control
• hybrid motion-force control
• impedance control
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Control system block diagram:
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Simplified block diagram:

Also assuming continuous-time (not discrete-time) control.
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For motion control,

 reference:  𝜃d(t)
      actual:  𝜃(t)
       error:  𝜃e(t) = 𝜃d(t) − 𝜃(t)

Unit step error response:
     𝜃e(t) starting from 𝜃e(0) = 1

Steady-state error response:  ess  

Transient error response:  
overshoot, settling time
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a

b

overshoot = |a/b| × 100% 



System dynamics, feedback controllers, and error response are often 
modeled by linear ordinary differential equations.

The simplest linear ODE exhibiting overshoot is second order, e.g.,

     or, if f = 0,  
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k and b depend on the control law
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A more general pth-order linear ODE:

nonhomogenous

homogeneous
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Defining a state vector x = (x1, x2, ..., xp), you can write the pth-order ODE as p 
first-order ODEs (a vector ODE). 

→



If Re(s) < 0 for all eigenvalues s of A, then the error dynamics are stable (the 
error decays to zero).

The eigenvalues are the roots of the characteristic equation

Necessary conditions for stability:  each 𝑎!" > 0.

These necessary conditions are also sufficient for first- and second-order 
systems.

Modern Robotics, Lynch and Park, Cambridge University Press 9

→



First-order error dynamics
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standard first-order form



First-order error dynamics
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𝜃𝑒 0 = 1



Second-order error dynamics
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standard second-order form



Second-order error dynamics

Modern Robotics, Lynch and Park, Cambridge University Press 13



Modern Robotics, Lynch and Park, Cambridge University Press 14

solve for c1 and c2 using 
𝜃𝑒 0 = 1, 𝜃̇𝑒 0 = 0 
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cos−1(𝜍)
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time response relative
to root locations for

general systems



For a single joint with the joint velocity as the control:

• Open-loop (feedforward) control:

• Closed-loop (feedback) control:   𝜃̇ 𝑡 = 𝑓(𝜃" 𝑡 , 𝜃 𝑡 )

• FF + Proportional-Integral (PI) FB control:
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•  reduces to FF control if Kp, Ki = 0
•  if no FF term:  P control when Ki = 0, I control when Kp = 0

,  Kp, Ki ≥ 0 What is the point
of FF control in
this control law?



Block diagram
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Setpoint control, 𝜃# 𝑡 = 𝑐, with a P controller  
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Constant velocity control, 𝜃𝑑 𝑡 = 𝑐𝑡 + 𝑎 

P control         PI control
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root locus
as Ki increases

What if Ki = 0?

characteristic equation of PI error dynamics:
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Multi-joint control:  𝜃, 𝜃d, and 𝜃e are vectors and Kp = kp I,  Ki = ki I  
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Proportional-Integral-Derivative (PID) control
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Setpoint PD control, g = 0
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= 0

For what gains
are the error

dynamics stable?



Setpoint PD control, g ≠ 0
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Nonhomogeneous.
What is the steady-

state error?
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𝜃d = 0

𝜃(0) = −𝜋/2



Setpoint PID control, g ≠ 0
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dist
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root locus for
Kp, Kd constant 

and Ki increasing
from zero

Ki improves steady-state
response but can worsen
the transient response.
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